WEYL GROUPS OF FINE GRADINGS ON MATRIX 
ALGEBRAS, OCTONIONS AND THE ALBERT ALGEBRA 



ALBERTO ELDUQUE* AND MIKHAIL KOCHETOV* 



Abstract. Given a grading T : A = ©ggg-Ag on a nonassociative algebra A 
by an abelian group G, we have two subgroups of Aut(.A): the automorphisms 
that stabilize each component A g (as a subspace) and the automorphisms that 
permute the components. By the Weyl group of V we mean the quotient of 
the latter subgroup by the former. In the case of a Cartan decomposition of 
a semisimple complex Lie algebra, this is the automorphism group of the root 
system, i.e., the so-called extended Weyl group. A grading is called fine if it 
cannot be refined. We compute the Weyl groups of all fine gradings on matrix 
algebras, octonions and the Albert algebra over an algebraically closed field 
(of characteristic different from 2 in the case of the Albert algebra). 



1. Introduction 

Let A be an algebra (not necessarily associative) over a field F and let G be a 
group. We will usually use multiplicative notation for G, but switch to additive 
notation when working with groups such as Z and Z m := Z/mZ. 

Definition 1.1. A G -grading on A is a vector space decomposition 

r : A = A g 

gee 

such that 

A g Ah C A g h for all g,h £ G. 
If such a decomposition is fixed, we will refer to A as a G-graded algebra. The 
nonzero elements a £ A g are said to be homogeneous of degree g\ we will write 
dega = g. The support of Y is the set Supp r := {g £ G | A g ^ 0}. 

There are two natural ways to define equivalence relation on group graded alge- 
bras. We will use the term "isomorphism" for the case when the grading group is 
a part of definition and "equivalence" for the case when the grading group plays a 
secondary role. Let 

r : A = ($A g andT': B = B h 

g£G heH 

be two gradings on algebras, with supports S and T, respectively. 
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Definition 1.2. We say that T and V are equivalent if there exists an isomorphism 
of algebras tp: A — > 25 and a bijection a: S — > T such that tp(A s ) — 25 Q (,j) for all 
s € S. Any such tp will be called an equivalence of T and V . If the gradings on A 
and 25 are clear from the context, then we will say that A and 25 are equivalent. 

The algebras graded by a fixed group G form a category where the morphisms are 
the homomorphisms of G -graded algebras, i.e., homomorphisms of algebras tp: A — > 
25 such that tp(A g ) C 25 g for all g 6 G. 

Definition 1.3. In the case G ~ H, we say that T and T' are isomorphic if .A and 
25 are isomorphic as G-graded algebras, i.e., there exists an isomorphism of algebras 
p: A -> 25 such that </j(.A ff ) = 25 g for all g e G. 

Replacing G with a smaller group, we can assume that Supp T generates G. 
Even with this assumption, there will be, in general, many other groups H such 
that the vector space decomposition V can be realized as an iJ-grading. It turns 
out |PZ89j that there is one distinguished group among them. 

Definition 1.4. Suppose that T admits a realization as a Go-grading for some 
group Go- We will say that Go is a universal group ofT if for any other realization 
of r as a G-grading, there exists a unique homomorphism Go — > G that restricts to 
identity on Supp T. We define the universal abelian group in the same manner. 

Note that, by definition, Go is a group with a distinguished generating set, 
Supp r. A standard argument shows that, if a universal (abelian) group exists, it 
is unique up to an isomorphism over Supp T. We will denote it by U(T). It turns 
out that U(T) exists and depends only on the equivalence class of T. Details may 
be found in )Koc09j . 

Following |PZ89j . we can associate three subgroups of Aut(A) to a grading T on 
an algebra A. 

Definition 1.5. The automorphism group of T, denoted Aut(T), consists of all 
automorphisms of A that permute the components of T. Each ip £ Aut(r) deter- 
mines a self-bijection a — a(tp) of the support S such that p(A s ) = A a ( s ) for all 
s € S. The stabilizer of T, denoted Stab(r), is the kernel of the homomorphism 
Aut(r) — > Sym(5) given by (p t— > a{<p). Finally, the diagonal group ofT, denoted 
Diag(r), is the subgroup of the stabilizer consisting of all automorphisms tp such 
that the restriction of tp to any homogeneous component of T is the multiplication 
by a (nonzero) scalar. 

Thus Aut(r) is the group of self-equivalences of the graded algebra A and Stab(r) 
is the group of automorphisms of the graded algebra A. Diag(r) is isomorphic to 
the group of characters of U(T). If dim .A < oo, then Diag(r) is a diagonalizable 
algebraic group (quasitorus). If, in addition, F is an algebraically closed field of 
characteristic and G is abelian, then T is the eigenspace decomposition of A 
relative to Diag(r) — see e.g. |Koc09j . the group Stab(r) is the centralizer of 
Diag(r), and Aut(r) is its normalizer. 

Definition 1.6. The quotient group Aut(r)/ Stab(r), which is a subgroup of 
Sym(S'), will be called the Weyl group ofT and denoted by W^F). 

We use the term "Weyl group" , because if T is the Cartan grading on a semisim- 
ple complex Lie algebra g, then VF(r) is isomorphic to the so-called extended Weyl 
group of g, i.e., the automorphism group of the root system of q. 
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It follows from the universal property of U(T) that any ip 6 Aut(r) gives rise to 
a unique automorphism u(ip) of U(T) such that the following diagram commutes: 

Supp T ► U(T) 



*(v) 



u(ip) 



Supp r > u(r) 

where the horizontal arrows are the canonical imbeddings. This gives an action of 
Aut(r) by automorphisms of the group U(T). The kernel of this action is Stab(r), 
so we may regard W(T) = Aut(T)/ Stab(r) as a subgroup of Aut([/(T)). 

A grading T is said to be fine if it cannot be refined in the class of (abelian) group 
gradings. Any G-grading on a finite-dimensional algebra A is induced from some 
fine grading T by a homomorphism a: U(T) — ¥ G as follows: A g = ® uea -i^ g )A u 
for all g e G. 

From now on, we assume that all grading groups are abelian and the ground field 
F is algebraically closed. A description of fine gradings on the matrix algebras M n (¥) 
was obtained in [HPP98, BSZ01 for characteristic and extended to characteristic p 
in |BZ03| . All fine gradings on the octonion algebra C were described in |Eld98j . All 
fine gradings on the Albert algebra A in characteristic were classified in |DM09] ; 
the same classification was shown to be valid in characterisitc p ^ 2 in [EKj . 

The Weyl groups were computed for some special cases of fine gradings on M n (C) 
in |HPPT02| |PST^6l iHanlO] . Here we compute them for all fine gradings on M„(F) 
over any algebraically closed field F — see Sectional In Section [31 we compute the 
Weyl groups of fine gradings on the algebra of octonions. In Section |H we compute 
them for the Albert algebra assuming that the characteristic is not 2. 



2. Matrix algebras 

The goal of this section is to compute the Weyl groups of all fine gradings on 
the matrix algebra M n {¥). The proof will use graded modules over M„(F), so we 
will first state the classification of fine gradings in that language. All algebras in 
this section will be assumed associative. All algebras and modules will be assumed 
finite- dimensional. 

2.1. Gradings on matrix algebras. Let G be a group. A vector space V is 
G-graded if it is equipped with a decomposition V = ® geG V g . A graded subspace 
W C V is a subspace satisfying W — ©„ GG (V S n W), so W inherits a G-grading 
from V. We extend Definitions 11.21 and II .31 to graded vector spaces. For g € G, we 
define the shift of a G-graded vector space V by setting vjfj := Vh, h € G. 

Let 3? be a G-graded algebra. A graded left "R-module is a left 3i-module V that is 
also a G-graded vector space such that Oi g Vh C V g h for all g,h € G. A graded right 
!R-module is defined similarly. A homomorphism of graded 'R-modules f : V W 
is a homomorphism of ft-modules such that f(V g ) C W g for all g G G. 

We will follow the convention of writing homomorphisms of left modules on the 
right and homomorphisms of right modules on the left. Let V and W be graded left 
ft-modules. Regarding V and W as G-graded vector spaces, we have the graded 
space Hom(V, W) = geG Hom g (V, W) where 

Hom 9 (F, W) := {/: V -> W \ (V h )f C W hg for all h e G}. 
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The space Homx(V, W) is a graded subspacc in Hom(V,VF). When W — V, we 
obtain a G-graded algebra End^(V r ) := Homg^V, V). 

A G-graded algebra D is said to be a graded division algebra if it is unital and 
every nonzero homogeneous element has an inverse. Let T C G be the support 
of D. Then T is a subgroup of G. Any graded ©-module V is free and can be 
decomposed canonically into the direct sum of (nonzero) isotypical components: 



V = Vi © 



V. 



where Vi is the sum of all graded submodules that are isomorphic to some fixed 
D^- 9i \ gi € G. The elements gi,...,g 8 are not uniquely determined, but their cosets 
giT, . . . , g s T are determined up to permutation. Write 

(1) 7 = (51, ... , g a ) where gr 1 g j £ T for i ^ j. 

If {vi, . . . , v n } is a homogeneous D-basis in V, then, for each i, the subset 

{vj | deg e g-iT} 

is a D-basis for Vi . Let fcj = dim© Vi and write 



(2) 



K — (fci , . . . , fc s ) . 



Conversely, for a given pair (k, 7), let V(G, 2), k, 7) be the right D-module that has 
a homogeneous D-basis consisting of fcj elements of degree <?j, i = 1, . . . , s. Denote 
the G-graded algebra End D (V) by M(G, 2), k, 7). 

We will say that a G-grading on M n (¥) is a division grading if M„(F) is a 
graded division algebra. Such gradings can be constructed as follows. Suppose we 
have a finite subgroup T C G such that there exists a nondegenerate alternating 
bicharacter f3 : T x T — > F x , i.e., a function that is multiplicative in each variable 
and satisfies the following two properties: f3(t, t) = 1 for all t e T (alternating) and 
(3(u,T) = 1 implies u = e (nondegenerate). Then T admits a "symplectic basis", 
i.e., there exists a decomposition of T into the direct product of cyclic subgroups: 



(3) 



T = (H[ x H'{) x • • • x (H' r x H' r ') 



such that -Hj' x H" and x H" are /3-orthogonal for i j, and i^' and i?" are in 
duality by f3. Denote by £j the order of H[ and iJ". (We may assume without loss 
of generality that £i are prime powers.) If we pick generators dj and bi for and 
H", respectively, then £j := /3(aj, 6j) is a primitive 4-th root of unity, and all other 
values of /3 on the elements 01, 61, . . . , a r , b r are 1. Define the following elements of 
the algebra M tl (F) ® ■ ■ ■ ® M lr (F) : 



X ai =I®---I®Xi®I®---I and X bi = I <g> • • • 7® Fj ® 7® • • • /, 



where 



e? -1 ... 

e™- 2 ... 

0... 

0... 



0' 



e l 

1 



and Yi 



1 

1 



1 



0' 



1 





are the generalized Pauli matrices in the i-th factor, M^(F). Finally, set 

y yii yji yi r yOr 

A {a , 1 1 ,b{ 1 ,...,a i r r ,b i t r) - ^a^bi ' " " A a r ^b r ' 
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Identify M^(F) ® • • • <g> M* r (f ) with M*(F), £ = £1 • • -£ r , via Kronecker product. 
Then 

(4) M £ (F)=0FX f 

teT 

is a division grading with support T. Note that by construction we have 

(5) X U X V = /3{u, v)X v X u for all u, v £ T. 

Theorem 2.1 ( BSZOl] IBZ03] ). Let T be a finite abelian group and let F be an 

algebraically closed field. There exists a division grading on the matrix algebra 
Mi{¥) with support T if and only z/charF does not divide I and T = Z| X ■ • • X Z| 
where l\ ■ ■ ■ l r = I. All such gradings are equivalent to the grading given by □ 

Theorem 2.2 ([BSZOl, BZ03 ). Let G be an abelian group and let 3i be a matrix 
algebra with a G-grading. Then 31 is isomorphic to some M(G, D,k, 7) where 3J is 
a matrix algebra with division grading, and k and 7 are as in (JXJ) and © . □ 

The following notion and result will be crucial to our computation of Weyl 
groups. 

Definition 2.3. Let G and H be groups. Let D be a G-graded algebra and D' 
an iJ-graded algebra. Let V be a graded right D-module and V a graded right 
D'-module. An equivalence from (D,V) to (2)', V) is a pair (t/'OjV'i) such that 
ipo : D — > 3D' is an equivalence of graded algebras and tpi : V — > V"' is an equivalence 
of graded vector spaces, and ipi(vd) — x/ji(v)tpo(d) for all v £ V and d £ D. 

Proposition 2.4. Let G and H be groups. Let D be a G-graded algebra and D' 
an H-graded algebra. Suppose that D and T>' are graded division algebras. Let V 
be a graded right D-module and V' a graded right D'-module. Let 31 = Endu(l / ) 
and 31' = Endi>i(V'). If ' tp : 31 — > 31' is an equivalence of graded algebras, then there 
exists an equivalence (ipo, tpi) from (3D, V) to (3D', V) such that ipi(rv) = ip(r)ipi(v) 
for all r £ 31 and v £ V . 

Proof. Let / C 31 be a minimal graded left ideal. A standard argument shows that 
I is generated by a homogeneous idempotent. Indeed, we have I 2 7^ 0, because 
otherwise 131 would be a graded two-sided ideal with the property (I31) 2 = 0, 
which is impossible because 31 is graded simple. Pick a homogeneous x £ I such 
that Ix 7^ 0. By the minimality of /, we have Ix — I and ann/(x) = 0, where 
ann/(x) := {r £ I \ rx = 0}. Hence there exists e £ I such that ex = x. 
Replacing e by its identity component, we may assume that e is homogeneous. 
Since e 2 — e £ arnir(x), we conclude that e 2 = e. Since 3le 7^ 0, we have 3ie = I by 
minimality. 

Since V is graded simple as a left 3?-module and IV is a graded submodule of 
V, we have either IV = or IV — V. But the action of 31 on V is faithful, so 
IV = V. Pick a homogeneous v £ V such that and let g = degv. Then 

the map I —¥ V given by r (-> rv is a homomorphism of IR-modules. By graded 
simplicity of / and V, this map is an isomorphism. It sends I a to V ag , a £ G, 
so it is an isomorphism of graded K-modules when regarded as a map 
Now, Endx(-f) can be identified with e3le (as a graded algebra) in the usual way. 
Indeed, the right multiplication by a homogeneous x £ e3ie gives an endomorphism 
of /, which has the same degree as x. Conversely, any endomorphism of / is easily 
seen to coincide with the right multiplication by the image of e. It follows that we 
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have an isomorphism of graded algebras e3ie — > F,ndoi(V^ 9 1) sending x £ e3le to 
the endomorphism rv i— > rxv, r £ I. Since D = Endj>(y), we have obtained an 
equivalence (e3le,I) — > (3D, V), where I — > V is an isomorphism of 3?-modules. 

Since I' — ip(I) is a minimal graded left ideal of 31' , which is generated by 
the homogeneous idempotent e' = i/>(e), we also have an equivalence (e'Ol'e',1') —> 
(3D' , V). Finally, restricting if) yields equivalences ifio '■ e3ie — > e'3i'e' and ipi : I — >■ I' 
such that ipi(rx) = ip(r)ipx(x) for r £ 31 and x £ I. The compositions i/)q : 3D — > 

e,3le e"Xe' -> 3D' and t/>i V -> / % I' -> V have the desired properties. □ 

The map tp corresponding to (^0) ^1) m Proposition 12.41 can be expressed in the 
language of matrices as follows. Let {vi, ■ • • , Vk] be a homogeneous 2)-basis in V. 
Then any r £ 3? is represented by a matrix X — (&y) £ Mfc(D) relative to this 
2)-basis. Also, {i/ji(vx), . . . , ^i(v n )} is a homogeneous D'-basis in V , and ^ is given 

by 

(6) M fc (D) -> M n (D') : (xy) h> (^(sy))- 

From Theorems l2.1l and l2.2[ it is easy to obtain all fine gradings on M n (¥). They 
were described in [HPP98 over the field of complex numbers. 

Definition 2.5. Let 3D — Mg(F) with a division grading Q. Let k > 1 be an 
integer. Let G be the direct product of T and the free abelian group generated 
by the symbols gi, . . . ,gt- Let M(H, fc) := M(G, 3D, k,t") where k = (1, . . . , 1) and 
7 = (gi, . . . ,5fc). Then JYt(D, fc) is isomorphic to the matrix algebra M n (¥) where 
n = hi. We will denote the G-grading on M„(F) arising from this isomorphism 
by Tj^(3D, fc) or, abusing notation, by Tj^(T, A;), since the equivalence class of 3D is 
uniquely determined by T. 

TmCD, k) can be described explicitly as follows. Pick a 2)-basis {vi, . . . , Vk} in 
V with deg(«i) = <jy i = 1, . . . , k. Then any r £ 31 is represented by a matrix 
X = (Xij) £ Af fc (D) relative to this £>-basis. Identify M k (T>) with M fe (F)®D via 
Kronecker product. Let By be the matrix units in Mfe(F). Then r^D, fc) is given 

by 

deg(£y d) = ffi(deg d)^" 1 for all homogeneous d £ 3D, i,j = l,...,k. 

This grading is fine in the class of abelian group gradings. The support consists of 
the elements gitgj 1 , t £ T. The subgroup G° that they generate is isomorphic to 
gfe-i x y_ j t jg tne un i versa i g r0 up of Tm(3D, fc). 

Corollary 2.6. Lei r oe a fine abelian group grading on the matrix algebra 31 — 
M n (F) over an algebraically closed field F. TTien T is equivalent to some Fj^(T, k) 
where T = Z| x ■•• x Z| and kl\---l r = n. Two gradings Tj^(Ti,kx) and 
^m(T2, fe) are equivalent if and only if T\ = T2 and k\ = k%. □ 

2.2. The Weyl group of T M (T, fc). Let 31 = M(3D, fc) and let V be the associated 
graded module, with a 2)-basis {vi, . . . , v k } where deg(wi) = gi, i = 1, . . . , k. Note 
that the homogeneous components of V have the form ¥vid where d is a nonzero 
homogeneous element of D. Applying Proposition 12.41 to an equivalence ip: 31 —> 
31, we see that there exists an equivalence (ipo,ipi) of (D,V) to itself such that 
ipx(rv) = ip(r)ip\(v) for all r £ 31 and v £ V. Write ipi( v j) = J2i v idij f° r some 
dij £ 3D and set ^ := (dy). Then implies that ip: 31 — > 31 is given by 

(7) X ^ ^^(X)^- 1 
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where ipo acts on X entry- wise. Since ip\ is an equivalence of the graded space V 
to itself, it must send m to some Vjd where d is a nonzero homogeneous element 
of D. Hence there exists a permutation tt G Sym(fe) and nonzero homogeneous 
d±, . . . , dk such that ipi( v i) = v n(i)di- In other words, VP is the monomial matrix 
PD where P is the permutation matrix corresponding to ir (i.e., the matrix having 
1 in the (i, 7r _1 (i))-th positions and zeros elsewhere) and D is the diagonal matrix 
diag(di,. . . ,d k ). 

We see that everything boils down to the equivalence ipo of CD to itself. The 
following result describes all such ipg. 

Proposition 2.7. Let D be a matrix algebra with a division grading Tq given by 
Q . Let T be the support and let (3 be the nondegenerate alternating bicharacter 
T x T — > F x determined by ([5]). Then the mapping that sends t G T to the inner 
automorphism X i— > X t XX^ is an isomorphism between T and Stab(ro). The 
quotient group Aut(To)/ Stab(ro) is isomorphic to Aut(T,/3). 

Proof. The first assertion is proved in [Eld 10] and |BK10j . but we include a proof 
for completeness. Any ip € Stab To must send X t to its scalar multiple, so we have 
a map A: T ->• F x such that ip(X t ) = X(t)X t for all t G T. One immediately 
verifies that A must be a group homomorphism, i.e., a character of T. It follows 
from (0 that the inner automorphism X H> X t XX^ x corresponds to the character 
X(u) = /3(i, it), u G T. Since /3 is nondegenerate, it establishes an isomorphism 
between T and the group of characters T. 

Any ip G AutTo must send X t to a scalar multiple of some X u . Hence we 
have a homomorphism /: Aut(r<j) — > Sym(T) such that tp(¥Xt) = ¥Xf^^ for 
all i G T. Clearly, the kernel of / is Stab(r ). Fix ip G Aut(r ) and let ir = 
/(^). Since V(A U A„) G ¥ip(X uv ) and ip(X u )tp(X v ) € FX W ( U ) W („), we conclude 
that 7r(uu) = tt(u)tt(v) for all u,u G T, i.e., 7r is an automorphism of T. Applying 
ip to both sides of (O, we obtain ip(X u )ip(X v ) — f3(u,v)ip(X v )ip(X u ). It follows 
that (3(tt(u), n(v)) — (3(u,v), for all u,v G T. We have proved that the image of 
/ is contained in Aut(T,/3). Conversely, suppose we have 7r G Aut(T, /?). Observe 
that the algebra D is generated by the elements X ai and A^, i = 1, . . . ,r. They 
satisfy A^ = 1, X b * = 1, and the commutation relations given by ([5]). Clearly, 
the free algebra modulo these relations has dimension < l\ ■ ■ ■ l r . It follows that 
these relations are defining for the algebra D. Since 7r(aj) has the same order as dj, 
we can choose a scalar multiple X'^,^ of X^fa) such that (^j„ f )) = 1. Choose 
AL b .-j similarly. Since ir preserves j3, the elements -X^(a-) an< ^ 7r(6 4 ) w ^ satisfy 
the same commutation relations as X a4 and A^ . It follows that there exists an 
automorphism ip of 2) sending X Qi to ^.(o-) an< ^ "^ b ; ^° -^7r(6)> f° r a ^ * - !>•••) r - 
By construction, coincides with 7r on the elements ai and 6i, i = l,...,r. 

Hence /(i/O = 7r. □ 

Thus W(ro) = Aut(T, (3). We are now ready to compute the Weyl group of any 
fine grading T on M n (¥). 

Theorem 2.8. Let T — rM(B,fc) where D is a matrix algebra with a division 
grading Tq given by ^ . Let T be the support of Tq and let (3 be the nondegenerate 
alternating bicharacter T x T — > F x determined by ([5]). Then 

W(T) £ T k - X x (Aut(T, (3) x Sym(fe)) 
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where Aut(T, f$) and Sym(fc) act on T k 1 through identifying the latter with T k /T, 
where T is imbedded into T diagonally. 

Proof. Recall that any ip G Aut(T) is given by ([7]) where *f> — PD, P is a permu- 
tation matrix, D = diag(di, . . . , dfc), and tpo G Aut(ro). Hence 

(8) ip(Eij ® d) = E <i)v(J) ® d i ip {d)dj 1 . 

Assume for a moment that ip € Stab(r). Since all g'igj 1 , i ^ j, are dis- 
tinct modulo T, we see by substituting d = 1 in @ that P = I and hence 
D = diag(Aid, . . . , Afcd) for some Xi G F x and nonzero homogeneous d G D. 
We may simultaneously replace D by D — diag(Ai, . . . , A&) and ipo by V'o where 
V>o(d) = dipQ{d)d~ 1 . Then taking i = j in ©, we see that Vo € Stab(r ). 
Conversely, for P = I and any D = diag(Ai, . . . , Afe) and ipo G Stab(r ), equa- 
tion (J7J yields -0 G Stab(r). We have proved that Stab(r) is isomorphic to 
((F x ) fe /F x ) x Stab (r ). But by Proposition we know that Stab(r ) is iso- 
morphic to T via t i — ^ Ad(A t ) where, for invertible d G CD, Ad(d): D -» D is the 
inner automorphism X i— >• dxd^ 1 . 

For any ^>o G Aut(ro), 7r G Sym(fc), and nonzero homogeneous di, . . . , d s , equa- 
tion ||7J) defines a map 0: — > "R where "J - = PD, P is the permutation matrix 
corresponding to ir and D = diag(di, . . .,dfc). Then for nonzero homogeneous d, 
the element ip{Eij <g> d) is also homogeneous. Since the degree of ip(Ea ® d) does 
not depend on z and, for i ^ j, the element i?^ Cgid spans its homogeneous com- 
ponent, we conclude that ip is an equivalence. It follows that the homomorphism 
Aut(r) — > Sym(fc) is onto and can be split by sending a permutation tt G Sym(fc) 
to the equivalence ip G Aut(r) corresponding to ipQ — id and D = I. Let T be 
the multiplicative group of nonzero homogeneous elements of T>, which is a central 
extension of T by F x . The kernel -ftT of the homomorphism Aut(F) — > Sym(fc) 
consists of the equivalences that correspond to P = /, so we have an epimorphism 

/: (T fe /F x ) x Aut(r ) -> X. 

The kernel Kq of / consists of the elements of the form ((d, . . . , d)F x , Ad(d -1 )), 
d G f. 

Let N = A x Stab(r ) where ^4 C T fe /F x consists of the elements of the form 
(Aid, . . . , Afed)F x where d G T and Aj G F x . Then TV is a normal subgroup of 
(T fe /F x ) x Aut(Fo). Clearly, N D Kq, and / maps N onto Stab(T). It follows that 

K/Stab(T) s ((f fc /F x ) x Aut(F ))/(A x Stab(T )) 
= ((f fe /F x )M) x (Aut(r )/Stab(r )). 

Now (f k /¥ x )/A = T k /T where T is imbedded into T k diagonally. Also, we have 
Aut(r )/Stab(F ) = Aut(T,/3) by Proposition Hence 

Aut(r)/Stab(r) = ((T k /T) x Aut(T,/3)) x Sym(fc). 



It remains to observe that the actions of Aut(T, j3) and of Sym(fc) on T k /T commute 
with each other. □ 
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Recall that U(T) is isomorphic to Z fc 1 x T. To describe the action of W(r) on 
U(T), it is convenient to realize them as follows: 

(9) W(T) = (T k /T) x (Aut(T, /3) x Sym(fc)), 

(10) U(r) = Zq x T, 

where Zq is the subgroup of Z k consisting of all x — (xi , . . . , x^) such that £\ x t = 
(in other words, the elements 7ji are identified with the standard basis in Z k ). 

Corollary 2.9 (of the proof). Writing W(T) as in © and U(T) as in ([ID]), the 

action ofW(T) on U(T) is the following: 

• (ti,...,tk) E T k acts by sending (x,t) to {x,tY\ i t* 1 ), and this action of 
T k factors through T k /T; 

• a. E Aut(T, /3) acts by sending (x,t) to (x,a(t)); 

• 7r G Sym(fc) acts on (x,t) by permuting the components of x. □ 

Remark 2.10. We have also proved that Stab(r) = Diag(r) = (F x ) fe - 1 x T, This 
is a special case of [BK101 Proposition 2.8], where Stab(r) is computed for any 
abelian group grading V on M„(F). 

Remark 2.11. The group Aut(T, f3) can be explicitly computed as follows. First, 
decompose T into primary components: T — Yii Ti where T, is a g^-group, % is a 
prime, qi ^ charF. Then T, are /3-orthogonal, so we have 

Aut(T )( 8) = JjAut(T i( ft) where (3 t = /3\ TtXTt . 

i 

So it is sufficient to consider the case when T is a g-group. Then ([3]) yields 

T = ({Z/q ai Z) X (Z/q ai Z)) mi X ■ ■ • X ((Z/q a fZ) X (Z/q a iZ)) mf 

where a,\ < ... < a/ and m, > 0. Let m = mi + • • • + my. Then Aut(T, /3) 
can be identified with the group of (2m x 2m)-matrices A of the following form: 
A is partitioned into blocks A^j of sizes 2mi x 277JJ, i, j = 1, . . . ,/, the entries of 
Ajj are integers modulo q ai , Aij = (mod q ai ~ a i) for all i > j, and 1 AJ A = J 
(mod g a/ ) where 'A is the transpose of A and J is the diagonal sum of blocks 
1\ ® m ' 



-1 



3. The algebra of octonions 



In this section, the Weyl groups of the fine gradings on the algebra of octo- 
nions will be computed. The Cayley algebra 6, or algebra of octonions, over 
F is the unique, up to isomorphism, eight-dimensional unital composition alge- 
bra (recall that we are assuming F algebraically closed). There exists a non- 
degenerate quadratic form (the norm) n: G — > F such that n(xy) — n(x)n(y) 
for all x,y E C. Here the norm being nondegenerate means that its polar form: 
n(x, y) = nix + y) — n{x) — n(y) is a nondegenerate symmetric bilinear form. Note 
that n(x) = hn(x,x). 

The next result summarizes some of the well-known properties of this algebra 
(see |KMRT98l Chapter VIII] and [ZSSS821 Chapter 2]): 

Proposition 3.1. Let 6 be the Cayley algebra overF. Then: 
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Figure 1 . Multiplication table of the Cayley algebra 

1) Any ig6 satisfies the degree 2 Cayley -Hamilton equation: 

x 2 — n(x, l)x + n(x)l = 0. 

2) The map x i— > x = n(x, 1)1 — x is an involution, called the standard con- 
jugation, of C and for any x,y,z £ 6, we have xx — xx — n(x)l and 
n(xy, z) = n(y, xz) = n(x, zy). 

3) There is a "good basis" {ei, e 2 , Ui, u 2) 113, i»i, V2, V3} of C consisting of iso- 
tropic elements, such that ?i(ei,e 2 ) = n(ui,Vi) = 1 /or any i = 1,2,3 and 
n(e r , Ui) — n(e r , vi) — n(ui, Uj) — n(ui, Vj) — n(vi,Vj) — for any r = 1, 2 
and 1 < i 7^ j < 3, whose multiplication table is shown in Figure [TJ 

The linear map t(a;) = n(x, 1) is called the trace. A crucial step in the classifi- 
cation of fine gradings on 6 |Eld98] is the fact that, for any grading 6 = © geG 6 9 , 
we have t(G g Gh) = unless gh — e. 

3.1. Fine gradings on the algebra of octonions. A "good basis" of the Cayley 
algebra C gives a Z 2 -grading with 



C(o,o) 


= Fe x ©Fe 2 , 








6(1,0) 


= Ftti, 


6(- 


1,0) 


= Fui 


6(0,1) 


= ¥u 2 , 


6(0 


-1) 


= ¥v 2 


6(1,1) 


= ¥v 3 , 


6(-i. 


-i) 


= ¥u 3 



This is called the Cartan grading of the Cayley algebra. It is fine, and Z 2 is its 
universal group. 

Let Q be a proper four-dimensional subalgebra of the Cayley algebra 6 such that 
ti|q is nondegenerate, and let u be any element in C \ Q with n(u) = a^0. Then 
6 = Q © Qu and we get: 

n(a + bu) — n(a) + ctn(b), 

(a + bu){c + du) = (ac — adb) + (da + bc)u, 

for any a, 6, c, d € Q. Then C is said to be obtained from Q by means of the Cayley- 
Dickson doubling process and we write C = £S)(Q, a). This gives a Z2-grading on 
C with C = Q and = Qu. 
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The subalgebra Q above is a quaternion subalgebra which in turn can be obtained 
from a two-dimensional subalgebra X through the same process Q = (£D(X,/3) — 
X © Xv, and this gives a Z 2 -grading of Q and hence a Zj-grading of C = X © Xv © 
Xu © (Xv)u. We write here Q = £S)(3C, /3, a). 

If charF 7^ 2, then X can be obtained in turn from the ground field: X = 
€T>(¥, 7), and a Z 2 -grading on 6 appears. Here we write C = <£B(F, 7, /3, a). 

These gradings by Z 2 , r = 1, 2, 3, will be called gradings induced by the Cayley- 
Dickson doubling process. The groups 17 2 are their universal groups. Since there 
is a unique c£-dimensional unital composition algebra for each d = 2,4,8, these 
Z 2 -gradings, r = 1, 2, 3, are unique up to equivalence. 

The classification of fine gradings on C was obtained in [Eld98 : 

Theorem 3.2. Let T be a fine abelian group grading on the Cayley algebra C over 
an algebraically closed field F. Then T is equivalent either to the Cartan grading 
or to the grading induced by the Cayley-Dickson doubling process. The latter 
grading does not occur i/ charF = 2. □ 

3.2. Cartan grading. Let S be the vector subspace spanned by (1, 1, 1) in R 3 and 
consider the two-dimensional real vector space E = / S. Take the elements 

ei = (1,0,0) + 5, e 2 = (0,1,0) + 5, e 3 = (0, 0, 1) + S. 

The subgroup G = 1t\ + Ze 2 + Ze3 is isomorphic to Z 2 , and we may think of the 
Cartan grading T of the Cayley algebra 6 as the grading in which 

deg(ei) = = deg(e 2 ), 

deg(ui) =a = - deg(wj), i = 1, 2, 3. 

Then Supp T = {0} U {±e t \ i = 1, 2, 3}. The set 

$ := (Supp r U {a + p I a, f3 e Supp T, a ^ ±£}) \ {0} 

is the root system of type G 2 (although presented in a slightly different way from 
[Bou021 Chapter VI.4.13]). 

Identifying the Weyl group W(T) with a subgroup of Aut(G), and this with a 
subgroup of GL(E), we have: 

W(T) c{/ie Aut(G) I MSupp r) = Supp r} 

c{/i£ GL(E) I ^($) = $} =: Aut$. 

The latter group is the automorphism group of the root system $, which coincides 
with its Weyl group. 

If charF 7^ 2,3, then we can work with the Lie algebra Der(C) and prove the 
next theorem using known results on the simple Lie algebra of type G 2 in |Sel67j . 
The proof below works directly with the Cartan grading on the Cayley algebra and 
is valid in any characteristic. 

Theorem 3.3. Let V be the Cartan grading on the Cayley algebra over an alge- 
braically closed field. Identify Supp L \ {0} with the short roots in the root system 
$ of type G 2 . Then W{T) = Aut $. 

Proof. The group Aut $ is the dihedral group of order 12. Now the order 3 auto- 
morphism of C: 

(11) t: ej n- ej, u { H> u i+1 , V4 H> v i+ i, 
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for j = 1,2 and i = 1,2,3 (modulo 3), belongs to Aut(r), and its projection into 
W(r) permutes cyclically the ej's. Also, the order two automorphisms: 

tpx : e\ -n- e 2 , Uj f> w, (« = 1, 2, 3), 

ip 2 : ej i-> ej (j = 1, 2), m H> u 2 <H> 1*3, vi i-> -«r, u 2 o «3, 

belong to Aut(r), and their projections into W(r) generate a subgroup of order 4. 
Therefore, the order of W(r) is at least 4 x 3 = 12, and hence W(r) is the whole 
Aut$. □ 

Remark 3.4. We have Stab(r) = Diag(r). It is a maximal torus in the algebraic 
group Aut(C). 

3.3. Zj-grading. Recall that this grading occurs only if charF ^ 2. We fix the 
following notation: let 

ci = (1,0,0), pa = (0,1,0), c 3 = (0,0,1) 

be the standard basis of Z|. The Cay ley algebra C is obtained by repeated appli- 
cation of the Cayley-Dickson doubling process: 

X = ¥®¥w 1: Q = X®Xw 2 , e = Q®Qw 3 , 

with wf = 1 for i = 1,2,3. (One may take w\ = e% — e?,, W2 — u\ — v± and 
w 3 = u 2 - v 2 -) Setting 

(12) degwi =Ci, i = 1,2,3, 

gives the Zjj-grading T induced by the Cayley-Dickson doubling process. 

Theorem 3.5. Let T be the Z^-grading on the Cayley algebra as in (|12l) over an 
algebraically closed field of characteristic different from 2. Then W(T) = Aut(Z|) = 
GL 3 (2). 

Proof. Given any /i £ Aut(Zf), take Wi £ C M ( Ci ) with wf = 1. Then C is obtained 
by repeated application of the Cayley-Dickson doubling process: 

X = W®Wwi, Q = XS)Xw 2 , G = Q®Qw 3 , 

and hence there is a unique automorphism tp £ Aut C such that tpiwi) = Wi for 
i = 1,2,3. Then ip belongs to Aut(r), and its projection into VF(r) is precisely /i. 
This shows that W(T) fills the whole Aut(Z|). □ 

Remark 3.6. As any tp £ Stab(r) multiplies each Wi, i = 1,2,3, by either 1 or — 1, 
we see that Stab(r) = Diag(r) is isomorphic to Z|. Therefore, the group Aut(r) 
is a (non-split) extension of Zf by W^(r) = GL 3 (2). This group Aut(r), in its 
irreducible seven-dimensional representation given by the trace zero elements in C, 
is precisely the group used in |Wil09] to give a nice construction of the compact 
real form of the Lie algebra of type G 2 ■ 

4. The Albert algebra 

In this section, the Weyl groups of the fine gradings on the Albert algebra will 
be computed. We assume charF ^ 2 throughout this section. 
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Let C be the Cayley algebra. The Albert algebra is the algebra of Hermitian 
3 x 3-matrices over 6: 

( a\ a 3 a 2 \ 

A = Oi 3 (Q, *) = ^ | a 3 a 2 ai | a x , a 2 , a 3 e F, a x , a 2 , a 3 € 6 
; a 2 ai a 3 / 

fs x © f# 2 © f^ 3 © n(e) © t2(e) © t 3 (e), 



S» = 1 , £, 






t2 (a) = 2 , t a (a) 



with (commutative) multiplication given by XY = h(X-Y + Y-X), where X-Y de- 
notes the usual product of matrices X and Y. Then are orthogonal idempotents 
with Ei + E 2 + E 3 = 1. The rest of the products are as follows: 

, , Eiii(a) = 0, E i+ iii{a) = ^ti(a) = E i+2 L t (a), 

(13) _ I 

Li{a)b l+ i{b) = 4 i+2 (a6), ii{a)bi{b) = 2n(a,b){E i+1 + E l+2 ), 

for any a,b € C, with i = 1,2,3 taken modulo 3. (This convention about indices 
will be used without further mention.) 

For the main properties of the Albert algebra the reader may consult |Jac68j . 
It is the only exceptional simple Jordan algebra over F. Any X £ A satisfies the 
degree 3 Cayley-Hamilton equation: 

X 3 - T(X)X 2 + S(X)X - N(X)l = 0, 

where the linear form T is called the trace and the cubic form N is called the norm 
of the Albert algebra. A crucial step in the classification of fine gradings on A 
|EK) is the fact that, for any grading A = gG G-A 9 , we have T(A g Ah) = unless 
gh = e. We also note that any automorphism if of C extends to A by setting 
(p{Ei) — Ei, ip(ii(x)) — Li(ip(x)), for all x € 6 and i = 1,2, 3. 

4.1. Fine gradings on the Albert algebra. First we describe the gradings in 
question as they are presented in [EKj . 

Cartan grading: Consider the following elements in Z 4 = Z 2 x Z 2 : 

a x = (1,0,0,0), a 2 = (0,1,0,0), a 3 = (-1, -1, 0, 0), 
gi = (0,0,1,0), g 2 = (0,0,0,1), 33 = (0,0,-1,-1). 

Then a\ + a 2 + a 3 = = g\ + g 2 + g 3 . Take a "good basis" of the Cayley algebra 
6. Recall that the assignment 

deg e x = deg e 2 = 0, deg u t = g. t = - deg v l 

gives the Cartan grading on G. 
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Now, the assignment 

deg Ei =0, 

degtj(ei) = a, = - degi;(e 2 ), 

deg Li{ui) = gi = -degt l (w l ), 

degti(u i+ i) = a i+2 + g l+ \ = - deg ^ ) , 

degti(ii i+2 ) = -a i+i +g i+ 2 = - deg Li(v i+2 ) , 

where i — 1,2,3, gives a Z 4 -grading on the Albert algebra A. (To see this, it 
suffices to look at the hrst component of Z 2 x Z 2 , and by the cyclic symmetry of 
the product, it is enough to check that deg(i3(xj/)) = degti(x) + dcgt2(y) for any 
x, y in the "good basis" of C, and this is straightforward.) 

This Z 4 -grading will be called the Cartan grading on the Albert algebra. It is 
fine, and Z 4 is its universal group (see |EK| ). 

Zl-grading: Recall the Z^-grading (fT2|) on the Cayley algebra 6 induced by the 
Cayley-Dickson doubling process. Then A is obviously Z|-graded as follows: 

deg Ei = (0,0,0,0,0), i = 1,2,3, 

degi-i(x) = (1,0, deg a;), 

degi 2 (x) = (0, l,dega;), 

degi 3 (x) = (1, l,dega;), 

for homogeneous elements x E G. 

This grading will be referred to as the Z^-grading on the Albert algebra. It is 
fine, and Z| is its universal group (see |EK| ). 

Z x Z§-grading: Take an element i € F with i 2 = — 1 and consider the following 
elements in A: 

E = Ex, 

E = 1 — E = E 2 ~t~ -£3, 
v(a) = iii(a) for all a E Co, 
u±(x) = l 2 (x) ± iia(S) for all ieC, 

S ± =E s -E 2 ± 1 -l 1 {1), 

where Co = {a E C | t(a) = 0}. The above elements span A, and (fT3l) translates to: 

EE = Q, ES ± =0, Ev(a)=0, Eu±(x) = -v±(x), 

ES ± = S ± , Ev{a) = v{a), Ev±{x) = ^u±(x), 

S + S-=2E, S ± v(a)=0, S^v^ix) = v±(x), S ± v±(x) = 0, 
v(a)v(b) — —2n(a,b)E, v(a)v±{x) — ±i/±(xa), 

v±{x)v±(y) = 2n(x,y)S ± , v + (x)v~{y) = 2n(x,y)(2E + E) + v(xy - yx), 

for all x, y € 6 and a, b E Co- 

There appears a Z-grading on A: 

A = A-2 ffi A-x 8 Ao 8 A\ ^.2, 
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Figure 2. Multiplication table of the Okubo algebra 



with A± 2 = VS ± , A±i = v±(G), and A Q = FE © (F£ © v(e )J . The Z^-grading 
on C combines with this Z-grading to give a Z x Zf-grading as follows: 

deg5 ± = (±2,0,0,0), 
degv±(x) = (±l,degx), 

(14) 

deg£ = = deg£, 
deg^(a) = (0,dega), 

for homogeneous elements x € C and a e C . 

This grading will be referred to as the Z x Z2 -grading on the Albert algebra. It 
is fine, and Z x Z| is its universal group (see [EKj ) . 

Zg-grading: Consider the order 3 automorphism r of C in (|lip , and the new mul- 
tiplication defined on C by: 

x * y := T(x)T 2 (y) for all x, y G 6. 

Then n(z * y) — n(x)n{y) for all a;, y, since r preserves the norm. Moreover, for all 
x,y,z € C, we have: 

n(x *y,z) = n(T(x)T 2 (y),z) 
= n(r(x),ZT 2 (y)) 
= n(x,T 2 (z)T(y)) 
= n(x,T(y)T 2 (z)) 
= n(x, y * z). 

Hence (6, *,n) is a symmetric composition algebra (see |Eld09] or [KMRT981 Chap- 
ter VIII]). Actually, (6, *) is the Okubo algebra over F. Its multiplication table is 
shown in Figure O 

This Okubo algebra is Z|-graded by setting degei = (1,0) and degui = (0,1), 
with the degrees of the remaining elements being uniquely determined. 
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Assume now that charF ^ 3. Then this Z^-grading is determined by two com- 
muting order 3 automorphisms (p\,(p 2 € Aut(C, *): 

(^i(ei) = uei, ipi(ui) = ui and ip 2 (ei) = ei, ip 2 (ui) = uiu x , 

where a; is a primitive third root of unity in F. 

Define Zi(x) = Li(T l (x)) for all i = 1,2,3 and x e C. Then (fTB"]) translates to: 

Eil % {x) = 0, E i+1 li(x) = ^Li{x) = Ei +2 Ti(x), 

Li(x)Z i+ i(y) = Z i+2 (x*y), Li(x)Zi(y) = 2n(x,y)(E i+1 + E i+2 ), 

for i = 1, 2, 3 and x,y E 6. 

The commuting order 3 automorphisms ipi, ip 2 of (6,*) extend to commuting 
order 3 automorphisms of A (which will be denoted by the same symbols) as follows: 

(15) fj(Ei) = E i: ifj(li(x)) = li((fj(x)) for all ie£ and i = 1,2,3, 
where j = 1,2. On the other hand, the linear map 933 : A — > A defined by 

(16) ip 3 (Ei) = Ei + i, (pa(Zi(x)) — Zi+\(x) for all xE<3 and i = 1,2,3, 

is another order 3 automorphism, which commutes with ipi and (p 2 . The subgroup 
of Aut A generated by ip\,ip 2 , if3 is isomorphic to Z3 and induces a Zg-grading on 
A whose components are all 1-dimensional. This grading is obviously fine, and 
Z| is its universal group. The nonzero homogeneous elements are invertible (in the 
Jordan sense) , and any three of them whose degrees are independent in Z3 generate 
the Albert algebra (see jEH §7.3]). 

The (unique up to equivalence) grading induced by (pi,tp 2 , ip^ will be referred to 
as the Z|- grading on the Albert algebra. 

The classification of fine gradings on the Albert algebra was obtained in DM09 
for charF = and in jEKj for charF 7^ 2. 

Theorem 4.1. Let T be a fine abelian group grading on the Albert algebra A over 
an algebraically closed fieldW of characteristic different from 2. Then T is equivalent 
either to the Cartan grading, the 1,\ -grading, the ZxZ^ -grading or the Z3 -grading. 
The last grading does not occur if charF = 3. □ 

4.2. Cartan grading. The universal group is Z 4 , which is contained in E = M 4 . 
Consider the following elements of Z 4 : 

e = degti(ei) = a x = (1,0,0,0), 
e x = degti(ui) = g x = (0,0, 1,0), 

62 = degti(u 2 ) = «3 + .92 = (-1, -1,0, 1), 

63 = degti(u 3 ) = -a 2 +g 3 = (0, -1, -1, -1). 

Note that < i < 3, are linearly independent, but do not form a basis of Z 4 . 
We have for instance degt2(ei) = a 2 = |(— e — e x — e 2 — e 3 ) and degi 3 (e 1 ) — 
\{— (-0 + £i + e 2 + £3)- Moreover, the supports of the Cartan grading T on each of 
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the subspaces a(G) are: 
Supp n(C)H 



{±e l | < i < 3}, 



Supp (-2(6) 



Supp ti(e)(i 3 (ei) + t 3 (e2)) 
1 

|-(±e ± ei ± e 2 ± £3) I even number of + signs 



} 



Supp t 3 (e) = Supp Li(G){L 2 {e 1 ) + i 2 (e 2 )) 

= |i(±e ± £! ± e 2 ± e 3 ) | odd number of + signs}. 
Let us consider the following subset <f> of E: 




= Supp ti(e) U Supp t 2 (C) U Supp t 3 (e) U {±e 2 ± e.,- l < i ^ j < 3}, 

which is the root system of type F4 (see |Bou021 Chapter VI.4.9]). Note that ej, 
i = 0,1,2,3, form an orthogonal basis of E relative to the unique (up to scalar) 
inner product that is invariant under the Weyl group of $. 

Identifying the Weyl group WiT) with a subgroup of Aut(Z 4 ), and this with a 
subgroup of GL(E), we have: 



The latter group is the automorphism group of the root system $, which coincides 
with its Weyl group. 

If charF 7^ 2,3, then we can work with the Lie algebra Der(^l) and prove the 
next theorem using known results on the simple Lie algebra of type F4 in |Sel67j . 
The proof below works directly with the Cartan grading on the Albert algebra and 
is valid for charF 7^ 2. 

Theorem 4.2. Let T be the Cartan grading on the Albert algebra over an alge- 
braically closed field of characteristic different from 2. Identify Supp T \ {0} with 
the short roots in the root system $ of type F4,. Then W(T) — Aut $. 

Proof. Let us obtain first some distinguished elements in W^(r). 

1) The order 3 automorphism of A: "0(123) : Ei n- Ei+x, Li(x) 1— > Li + i(x), is 
in Aut(L), and its projection ^(123) into W^(r) permutes cyclically Supp 11(C), 
Supp 12(C) and Supp (-3(6). 

2) The order 2 automorphism of A: 0(23) : E\ H> E\, E 2 -H> E 3 , l\{x) H> li(x), 
l 2 (x) 4-» i3(x), also belongs to Aut(L), and its projection /i(23) sends eo to — eo (as 
0'(23)( t i( e i)) = '-1(62)), and leaves invariant each ej for i = 1,2,3. 

3) Now consider £1(6, n), the Clifford algebra of C (regarded as a quadratic 
space), and the group Spin(C, n) C £1(6, n). It is well-known that any c e Spin(C, n) 
gives rise to an automorphism C of the Albert algebra fixing the idempotents 
Ei,E 2 ,E 3 — see e.g. KMRT98. Explicitly, C is defined by setting tp c (Li(z)) — 
L i(Xc(z)), ^ c {l 2 {z)) = i 2 {p+(z)) and c (t 3 (z)) = L 3 (p~(z)) for all z e G, where 
Xc(z) — c ■ z ■ c _1 and • denotes multiplication in the Clifford algebra. If c = x ■ y 
with x, y £ C, then 

(17) p^(z) = (zy)x and p~(z)=x(yz) for all z E 6. 



W(T) c {/1 € Aut(Z 4 ) I /x(Supp L) = Supp L} 
C {/i € GL(E) I = $} =: Aut $. 
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Consider the elements 

x = -^=(ei + e 2 + ui + vi) and y = -^=(ex — e 2 + Ux — vx) ■ 

Then c = x ■ y £ Spin(C,n), since n(x) = n(y) = 1. Also note that c' 2 = —1, as x 
and y are orthogonal, and so Xc has order 2. Since e\ + e 2 and y are also ortogonal, 
we compute: 

Xc(ei + e 2 ) = c • (ei + e 2 ) ■ c _1 = -c ■ (ei + e 2 ) • c = -x ■ (ex + e 2 ) • a; • y' 2 
= -7j(l - (ei + e 2 ) ■ (m x + ui)) • (ex + e 2 + ui + ui) 

= — ^( e i + e 2 + ( e i + e 2)' 2 ■ («i + "i) + {ux + vx) - {ex + e 2 )) 
= -(ui + Vx). 

A similar calculation shows that Xc( e i — e 2 ) — —(ux — ^i)- Hence we have: 

Xc ■ ei O -tii, e 2 -H- -u l5 u 2 i-» it 2 , u 3 i-» u 3 , « 2 h> u 2 , u 3 i-» v 3 . 

Let us check that the associated automorphism ip c of A is in Aut(r). Since the 
action of ip c on ti(C) is given by x c , we already know that 0> c permutes the homo- 
geneous components of ti(C). Since every homogeneous element of 13(C) lies either 
in ti(C)i. 2 (ei) or in ti(C)i 2 (e 2 ), and every homogeneous element of /.2(C) lies cither 
in Lx(G)ia(ex) or in ix(C)i3(e 2 ), it remains to check that i> c (k( e j)) is homogeneous 
for 2 = 2, 3 and j = 1, 2. Using (fTT)) . we compute: 

V'ctaCei)) = t 2 (p+(ei)) = i 2 ((eiy)s) 

= ^ 2 ((ei(ei - e 2 + ui - ui))(ei + e 2 - ui - t>i)) 

= + ui)(ei + e 2 - ui - = ^a(ei - ui + iti + ei) = u 2 (ex). 

Similar calculations show that ipc(t2(e 2 )) = — i£ 2 (e 2 ), ^(^(ei)) = — it3(«i), and 
^0(43(62)) = 113(^1)- Therefore, -0c S Aut(r), and its projection /x c into W(r) acts 
as follows: £0 ex, £ 2 H> e 2 , £3 i-> £3. 

4) Finally, the order 3 automorphism r of 6 given by (fTTj) extends to an auto- 
morphism of A fixing Ei via ii(x) <— > ii(r{x)) for all x £ C and i — 1,2,3. The 
projection of this automorphism into W(r) is the 3-cycle £1 1— > e 2 n- £3 <— > ex- 

Now we are ready to prove the theorem. Any /1 6 Aut $ permutes the subsets 
Supp tj(C), as these are the only subsets S of Supp r\ {0} such that for any 8 € S, 
S = {±5} U {7 G Supp T\ {0} I (7, S) = 0}. Thus, composing with a suitable power 
of /i(i23) from 1), we may assume /Lt(Supp ii(C)) = Supp ti(C). But the group 
{[i € Aut $ I ,u(Supp 11(C)) = Supp ti(C)} is isomorphic to Zf x Sym(4), consisting 
of the permutations of the ej's followed by multiplication of some of the Ej's by — 1. 
This subgroup is generated by /U( 2 3) from 2), the transposition /z c from 3), and the 
3-cycle from 4). □ 



Remark 4.3. We have Stab(r) = Diag(r). It is a maximal torus in the algebraic 
group Aut (.A). 



WEYL GROUPS OF FINE GRADINGS 



19 



4.3. Z^-grading. Write Z| = Z| X Z^ where Z| is generated by Cj, j = 1,2,3, as 
in ([T2|) . Then the Z^-grading T is defined by setting 

(18) degii(l) = a, degi 2 (l) = b, degi s (wj) = a + b + cj, j = 1,2,3, 
where {a, 6} is the standard basis of Z|. 

Theorem 4.4. Lei T oe £/ie Jl^-grading on the Albert algebra as in (|18p over an 
algebraically closed field of characteristic different from 2. Let T be the subgroup of 
l\ generated by Cj, j = 1, 2, 3. Then W(T) Aut(Z|) | fi(T) = T}. 

Proof. Let K the subgroup generated by a and 6. Then Z2 = K x T. Identifying 
Aut(Z|) with GLs(2), the stabilizer of T (as a set) consists of all matrices of the form 

1 The automorphism ^(123) defined in step 1) in the proof of Theorem 



4.2l and the automorphism ^(12) that is analogous to '0(23) denned in step 2) belong 
to Aut(F), and their projections into W(r) act as follows: 

M(i23) : d^ii^a + tHa, cj n- Cj, j = 1,2,3, 
M(i2) : a^b, cj \-> Cj, j = 1, 2, 3. 
Therefore, the subgroup {/i G GL§{2) \ n(K) — K, [i\t — id}, which consists of 

, is contained in PF(r). (Note that this subgroup is 



matrices of the form , ^ ^ 

the symmetric group on the elements a, b and a + b.) 

Now, consider the subgroup {/1 G GL^(2) \ n(T) = T, \i\k = id}, which consists 

of all matrices of the form ^— ■ By Theorem 13. 5[ for any such /i, there 

is an automorphism ip of C that belongs to Aut(To), where To is the Z^-grading 
(TT21 on 6, such that the projection of <p into PF(ro) coincides with h\t- Then the 
automorphism of A that fixes Ei and takes ii(x) to Li(tp(x)), for all x G 6 and 
£ = 1, 2, 3, belongs to Aut(r), and its projection into W(T) coincides with \i. Hence 
the subgroup under consideration is contained in VF(r). 

For any h G T, consider the element fi G GL 5 (2) such that fi(a) = a, fi(b) = b+h, 
and h\t = id. We claim that /x is in W^T). Take x — 1 and y a homogeneous 
element in Gh of norm 1. Then the element c = x ■ y G Spin(C,n) gives rise 
to the automorphism ip c oi A — see step 3) in the proof of Theorem 14.21 The 
restriction C | 11(e) is given by \ c and hence stabilizes the homogeneous components 
in ii(C). For z G G u with u G T, we have 42(2) G .Ab+u and, using (fr?)) . we obtain 
0c (^(-z)) = i2(/9^(z)) = t2(^y) G A h+u+ h; also, t 3 (z) G A a+6+u and hence we 
obtain c (t 3 (z)) = 43(^^(2)) = i 3 (yz) G A a+b + u +h- Therefore, ip c G Aut(T), and 
its projection fi c into IF(r) fixes a and the elements of T while taking b to 6 + h. 
By symmetry, we may also find an element in VF(T) which fixes b and the elements 



of T and takes a to a + h. Hence all matrices of the form 








* 





are contained 



in W(T). 

So far, we have proved that the stabilizer of T is contained in T'F(r). But 
conversely, if G Aut(r), then ip(A e ) = A e , so permutes the idempotents Ei, 
i = 1,2, 3, and hence induces a permutation of the elements a, b, a+b. By composing 
if> with a suitable element of the stabilizer of T , we may assume that ip(Ei) = Ei 
for all £ = 1,2, 3. Then the projection of ip into VF(r) preserves the cosets a + T, 
b + T and a + b + T, and hence it preserves T. □ 
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Remark 4.5. As any tf> £ Stab(r) fixes Ei and multiplies each Li(wj), i,j = 1,2,3, 
by either 1 or —1, we see that Stab(r) = Diag(r) is isomorphic to Z|. 

4.4. Z x Zf-grading. 

Theorem 4.6. Let T be the Z x Z 2 -grading on the Albert algebra defined by (fT4")) 
and (|12[) over an algebraically closed field of characteristic different from 2. Then 
W(T) = Aut(Z x Zl). 

Proof. Let T be the subgroup generated by Cj, j = 1,2,3. Then T is the torsion 
subgroup of Z x Zj and hence we have n(T) = T for all /j, £ Aut(Z x Zf). Let 
a = (1,6,6,0). 

The group Aut(Z x Z|) is generated by 1) the automorphism /zo that fixes T 
point-wise and takes a to —a, 2) the automorphisms /3h, for h £ T, that fix T 
point-wise and take a to a + h, and 3) the automorphisms of T extended to Z x 1j\ 
by fixing a. We will show that all these automorphisms are contained in Aut(r). 

1) The order 2 automorphism ipQ of A given by 5 I± 1— > , v±(x) 1— > v^ix), 
v(a) 1 — ^ — !/(a), for a; £ C and a £ Co, belongs to Aut(r), and its projection into 
W(r) is precisely fj, - 

2) Consider the T-grading Tq on C given by (TT2"j) . Fix h £ H . Pick a norm 1 
element x g 6^, then take y £ Co homogeneous of norm 1 with n(x,y) = 0. Then 
x = — xy 2 = —(xy)y = zy, where z = —xy is a homogeneous element of norm 1 in 
Co- Note that degy+degz = degx = h. Consider the element c = z-y £ Spin(Co,n) 
and the associated automorphism ifi c of A. Then ip c stabilizes the homogeneous 
components in ^(Co), while Tp c (v±(w)) = v±{p+{w)) = —v±{{wy)z)) — see |EK1 
Remark 6.4]. Hence i/j c belongs to Aut(r), and its projection into W(r) fixes T 
point-wise and takes a + u to a + u + h for any u £ T . Thus, this projection is the 
desired element /3h- 

3) Given any automorphism /1 of T, Theorem 13 . 5 1 tells us that there is an auto- 
morphism ip of C that belongs to Aut(ro) and whose projection into W(ro) is [i. 
The automorphism xjj of A determined by ^(S^) = S^, il>( iy ±(x)) — v±(if(x)), for 
all x £ C, belongs to Aut(r), and its projection into VF(r) is the automorphism of 
Z x Z2 fixing a and restricting to /1 on T. □ 

Remark 4.7. One can show that Stab(r) = Diag(r), which is isomorphic to F x xZ|. 

4.5. Zg-grading. Recall that this grading occurs only if charF 7^ 3. Let F : A = 
© ggZ 3 A g be the grading induced by the commuting order 3 automorphisms ipi, 
i = 1, 2,3, defined by {15]) and ([TB]). i.e., 

(19) Vi {X)=u k *X for all le^^j,,, 

where a; is a fixed primitive third root of unity. Let {gi, 32, 53} be a basis of Z| and 
pick nonzero Xi £ A gi , i — 1,2,3. Then X\, X%, X3 generate the Albert algebra, 
and we can scale them so that Xf = 1 and hence N(Xi) = 1, i = 1,2,3. 

The subalgebra generated by X3 is isomorphic to F x F x F, so there exists 
an automorphism of A sending it to VE\ FE 2 ffi ¥E 3 . Permuting Ei,E 2 ,E 3 if 
necessary, we may assume that ips(Ei) — Ei + \. In other words, we may assume 
X 3 = Y%=i u ~ iE i- The subalgebra fixed by ip 3 is Fl ® {E?=i K x ) I x G e >> so 
there are elements x, y £ C such that X% = | Yli=i K x ) an d X 2 = \ t{v)- 
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For any z E C, the norm of X)j=i i s given by: 

N(h(z) + l 2 (z) + t 3 (z)) = N( tl {T(z)) + t 2 (r 2 (z)) + l 3 (z)) 



= 8n(r(z), t 2 (z) z) — 8n(z, t{z) t 2 (z)) 
= Sn(z, z * z). 

Since N(Xi) = 1 for i = 1,2,3, we get nix, x * x) = 1 = n(y,y * y). And since 
T(Xf) = 0, we have n(x) = = n(y). Also, since the homogeneous components 
•^(±1,0,0) an d "4(0, ±1,0) are orthogonal relative to the trace form T, we conclude 
that the subspaces Fee © Fx * x and Fy © Fy * y are orthogonal relative to the norm 
of 6. Now |Eld09| Proposition 3.9 and Theorem 3.12] show that either x * y = 
or y * x = 0, but not both, and that x, y generate the Okubo algebra (C, *, n) with 
multiplication table independent of x and y. 

Fix a, b € 6 with a * 6 = 0, n(a) = = n(b), n(a, a * a) = 1 = n(6, 6*6), and 
n(Fa + Fa * a, F6 + F6 * b) = 0. Let T+ and r~ be two Zf-gradings on the Albert 
algebra that are determined by the following conditions: 

T+ : r- : 

deg(£i=i^W) = (1,0,0), dfig(£Li *(<*)) = (0,1,0), 

deg(£-=i^)) = (0,1,0), deg(Ef =i r i (6)) = (1,0,0), 

deg(ELi^^) = (0,0,1), deg(E- = i^ 1 ^) = (0,0,1). 

For example, we may take a = e\ and b = u\. Then T + = T. 

Note that for T + with {31,52,53} being the standard basis of Z|, we have: 

1 3 

(A!A 2 )A 3 = (-^r,(6*a))A 3 

4=1 

= iy( w -(.-+i) +li ,-(i+2) )l -. (bfl) 



i=l 
1 3 

4=1 



while 



A!(a 2 a 3 ) = ^i(jE( w_(i+1) + "~ (i+2) teG>)) 

4 = 1 

=^(-iE^(2/)) 



4=1 

= — (w _2 ti(6 * a) + w~ 3 t2(6 * a) + a; _1 t3(6 * a)), 
8 

so that {XiX2)X 3 = ojXi{X2X 3 ). However, for T~ with {31,32,33} being the 
standard basis of Z|, analogous computations give (XiX2)A 3 = w _1 Xi(A2A 3 ). 
Therefore T + and T - are not isomorphic. 

Theorem 4.8. Let V be the 1^-grading on the Albert algebra as in (|19[) over an 
algebraically closed field of characteristic different from 2 and 3. Then W(T) is the 
commutator subgroup o/Aut(Z 3 ), i.e., W(T) = SX 3 (3). 
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Proof. We may assume T = T+ as in {20]). Identify Aut(Z§) with GL 3 (3). For 
any /i 6 GL3(3), let gj, j = 1, 2, 3, be the images of the elements of the standard 
basis (i.e., the columns of matrix fi). Pick elements Xj such that degXj = cjj 
and (X'j) 3 = 1, j = 1,2,3. We have shown that there exists an automorphism of 
A either sending Xj to Xj associated with T + , j = 1,2,3, or sending Xj to Xj 
associated with r~, j = 1, 2, 3, but not both. This shows that Aut(F) has index 2 
in GL 3 (3). Since the commutator subgroup of GL 3 (3) is SL 3 (3), and it has index 
2, we conclude that W(T) = SL 3 (3). □ 

Remark 4.9. Clearly, Stab(r) = Diag(r) is isomorphic to Z|. 
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